The odd primary homology of SU(n), Sp(n) and Spin(n)-gauge groups  by Theriault, Stephen
Journal of Pure and Applied Algebra 216 (2012) 679–687
Contents lists available at SciVerse ScienceDirect
Journal of Pure and Applied Algebra
journal homepage: www.elsevier.com/locate/jpaa
The odd primary homology of SU(n), Sp(n) and Spin(n)-gauge groups
Stephen Theriault
Department of Mathematical Sciences, University of Aberdeen, Aberdeen AB24 3UE, United Kingdom
a r t i c l e i n f o
Article history:
Received 24 February 2011
Received in revised form 10 August 2011
Available online 28 September 2011
Communicated by C.A. Weibel
MSC:
Primary: 55R20
Secondary: 57T10; 81T13
a b s t r a c t
For an oddprime p, we calculate themod-phomology of SU(n)-gauge groups over a simply-
connected, closed 4-manifold for all n ≥ 2. Similar calculations are obtained for the
structure groups Sp(n) when n ≥ 1 and Spin(n) for n ≥ 3 (except for some cases when
n is even and p = 3).
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1. Introduction
Let X be a path-connected space and G a topological group. Let P −→ X be a principal G-bundle. The gauge group
G(P) is the group of G-equivariant automorphisms of P which fix X . The topology of gauge groups has received widespread
attention due to its importance in Yang–Mills theory (see, for example [2,6]) and Donaldson theory (see, for example [7]).
The rational homotopy of gauge groups is well understood [9,15]. However, little is known about their torsion properties,
despite considerable interest in geometry about torsion in the homotopy groups or homology groups of gauge groups or
their classifying spaces [1,8,10].
In this paper we assume that p is an odd prime and calculate the mod-p homology of SU(n)-gauge groups over a simply-
connected, closed 4-manifold, for all n ≥ 2. Similar calculations are obtained for the structure groups Sp(n)when n ≥ 1 and
Spin(n) for n ≥ 3 (except for some cases when n is even and p = 3).
Let G be a simple, compact Lie group and M is a simply-connected, closed 4-manifold. Let P −→ M be a principal
G-bundle. Such bundles are classified by the second Chern class, which can take any integer value. Let Pk −→ M be the
bundle with second Chern class k, and let Gk(G,M) be its gauge group. Now let p be an odd prime and take homology with
mod-p coefficients. In [16] it was shown that there is a p-local homotopy decomposition Gk(G,M) ≃ Gk(G) ×∏di=1Ω2G,
where Gk(G) = Gk(G, S4) and d is the number of 2-cells in M . This induces a coalgebra isomorphism H∗(Gk(G,M)) ∼=
H∗(Gk(G))⊗
⊗di=1H∗(Ω2G). Thus we are reduced to calculating H∗(Gk(G)).
By [2], there is a fibration Ω30G −→ BGk(G) −→ BG, where BGk(G) is the classifying space of Gk(G) and Ω30G is the
component of Ω3G containing the basepoint. This induces a fibration sequence Ω40G −→ Gk(G) −→ G
∂k−→ Ω30G. Recent
work by Choi [4] showed that if G = SU(n), n ≢ 0 mod p and n + 1 ≢ 0 mod p, then (∂k)∗ = 0 and there is an algebra
isomorphism H∗(Gk(SU(n))) ∼= H∗(SU(n))⊗ H∗(Ω40 SU(n)). He asked whether the same also holds in the remaining cases.
(Note the conditions on n in the statement of [4, 4.5] are misstated, but the proof uses the conditions mentioned above.) We
use geometric information from [16] about the boundary map SU(n)
∂k−→ Ω30 SU(n) to calculate H∗(Gk(SU(n))) in all cases.
In particular, we show there are cases when there fails to be an isomorphism H∗(Gk(SU(n))) ∼= H∗(SU(n))⊗ H∗(Ω40 SU(n)).
We also generalize these results to Sp(n) and Spin(n).
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We give an explicit statement for the SU(n) case, deferring the others to Section 4. The degree of an element xi in
homology is i. Let Z/pZ[x2n] and Λ(x2n−1) respectively be the polynomial and exterior algebra generated by the indicated
element. Recall that H∗(SU(n)) ∼= ⊗nj=2Λ(x2j−1). The homology of Ω40 SU(n) was calculated by Choi [4]; an explicit
description is given in Theorem 2.3. The following theorem really needs to be read in the light of that calculation; for now it
suffices to state that one subset of even degree generators of H∗(Ω40 SU(n)) are elements βQ3(p−1)(u2i−3) for 1 < i ≤ n− 1
and i ≢ 0 mod p. If a, b ∈ Z let (a, b) denote their greatest common factor.
Theorem 1.1. The following hold:
(a) if one of the four conditions occurs: (i) n ≢ 0 mod p and n + 1 ≢ 0 mod p, (ii) n ≡ 0 mod p2, (iii) n + 1 ≡ 0 mod p2, or
(iv) (k, p) = p; then there is an algebra isomorphism
H∗(Gk(SU(n))) ∼= H∗(SU(n))⊗ H∗(Ω40 SU(n));
(b) if n ≡ 0 mod p, n ≢ 0 mod p2 and (k, p) = 1, then there is an algebra isomorphism
H∗(Gk(SU(n))) ∼= H∗(SU(n− 2))⊗Λ(x2n−1)⊗ (H∗(Ω40 SU(n))/I)
where I is the ideal generated by the element βQ3(p−1)(u2(n/p)−3);
(c) if n+ 1 ≡ 0 mod p, n+ 1 ≢ 0 mod p2 and (k, p) = 1, then there is an algebra isomorphism
H∗(Gk(SU(n))) ∼= H∗(SU(n− 1))⊗ (H∗(Ω40 SU(n))/I ′)
where I ′ is the ideal generated by the element βQ3(p−1)(u2((n+1)/p)−3).
Themethod is to use geometric properties about the boundarymap SU(n)
∂k−→ Ω30 SU(n) to determine the transgressions
in the Serre spectral sequence for the fibrationΩ40 SU(n) −→ Gk(SU(n)) −→ SU(n). As such,we need to know the homology
ofΩ30 SU(n) andΩ
4
0 SU(n), which is described in Section 2, and the image of the boundary map (∂k)∗, which is calculated in
Section 4 after some preliminary work in Section 3. The Serre spectral sequence calculation is then carried out in Section 4.
2. The homology ofΩ30G andΩ
4
0G for G = SU(n) or Sp(n)
An n-fold loop space has homology operations
Qi(p−1):Hm(ΩnX) −→ Hpm+i(p−1)(ΩnX)
which are defined for 0 ≤ i ≤ n−1. Let Q ai be the operation QiQi · · ·Qi obtained by iterating a times. Let β be the Bockstein.
We will be consideringΩ3Gwhere G is one of SU(n) or Sp(n). For k ∈ Z, letΩ3kG be the kth-component ofΩG. It is well
known that there is a homotopy equivalence Ω3kG ≃ Ω30G for every k. The inclusion of the bottom cell S3 −→ G is a map
which lies inΩ31G, and it represents the basepoint in this component. This induces a homology class [1] ∈ H0(Ω31G). Note
that if x and y are homology classes in the k and l components of H∗(Ω3G) then x ∗ y and Qi(p−1)(x) are classes in the k + l
and pk components respectively. In particular, Q2(p−1)[1] ∗ [−p] lies in the zero component.
We begin with Theorems 2.1 and 2.2, due to Waggoner [18], which calculate H∗(Ω30 SU(n)) and some of its properties.
Theorem 2.1. As an algebra, H∗(Ω30 SU(n)) is isomorphic to
Z/pZ[Q a2(p−1)(Q2(p−1)[1] ∗ [−p]) | a ≥ 0] ⊗ Z/pZ[Q a2(p−1)(u2i−2) | a ≥ 0, 1 < i ≤ n− 1, i ≢ 0 mod p]
⊗Λ

Q ap−1βQ
b
2(p−1)(u2i−2) | a ≥ 0, b > 0,

n− 1
p

< i ≤ n− 1, i ≢ 0 mod p

⊗Z/pZ
[
βQ ap−1βQ
b
2(p−1)(u2i−2) | a > 0, b > 0,

n− 1
p

< i ≤ n− 1, i ≢ 0 mod p
]
⊗Λ

Q ap−1Q
b
3(p−1)(v2pi−3) | a ≥ 0, b ≥ 0,

n− 1
p

< i ≤ n− 1, i ≡ 0 mod p

⊗Z/pZ
[
βQ ap−1Q
b
3(p−1)(v2pi−3) | a > 0, b ≥ 0,

n− 1
p

< i ≤ n− 1, i ≡ 0 mod p
]
. 
The canonical inclusion SU(n)
i−→ SU(n+ 1)will also play a role. The following theorem describes howΩ30 SU(n) Ω
3 i−→
Ω30 SU(n+ 1) behaves in homology.
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Theorem 2.2. The algebra isomorphism in Theorem 2.1 can be chosen so that:
(a) if n ≢ 0 mod p, then (Ω3i)∗ is an inclusion;
(b) if n ≡ 0 mod p but n ≢ 0 mod p2, then the kernel of (Ω3i)∗ is generated as an algebra by elements of the form
Q ap−1βQ
b
2(p−1)(u2(n/p)−2) and βQ
a+1
p−1 βQ
b+1
2(p−1)(u2(n/p)−2);
(c) if n ≡ 0 mod p2, then the kernel of (Ω3i)∗ is generated as an algebra by elements of the form Q ap−1Q b+13(p−1)(v2(n/p)p−3) and
βQ a+1p−1Q
b
3(p−1)(v2(n/p)p−3). 
Next, we turn to Theorems 2.3 and 2.4, due to Choi [4], which calculate H∗(Ω40 SU(n)) and some of its properties. Recall
from [5] that if n ≥ 4 then H∗(Ω40 Sn) is isomorphic as an algebra to
Λ(Q ap−1Q
b
3(p−1)(un−4) | a, b ≥ 0)⊗ Z/pZ[βQ a+1p−1Q b3(p−1)(un−4) | a, b ≥ 0]
⊗Z/pZ[Q a2(p−1)βQ c3(p−1)(un−4) | a ≥ 0, c ≥ 1]
⊗Λ(Q ap−1βQ b+12(p−1)βQ c3(p−1)(un−4) | a, b ≥ 0, c ≥ 1]
⊗Z/pZ[βQ a+1p−1 βQ b+12(p−1)βQ c3(p−1)(un−4) | a, b ≥ 0, c ≥ 1].
As well, H∗(Ω40 S3) is obtained by replacing un−4 by u2p−3 and c ≥ 1 by c ≥ 0. WriteΩ4(2i+ 1) for H∗(Ω40 S2i+1).
Theorem 2.3. As an algebra, H∗(Ω40 SU(n)) is isomorphic to
P ⊗Ω4(2i+ 1 | 1 < i ≤ n− 1, i ≢ 0 mod p)
⊗Z/pZ
[
Q a2(p−1)Q
b
4(p−1)(v2pi−4) | a, b ≥ 0,

n− 1
p

< i ≤ n− 1, i ≡ 0 mod p
]
⊗Λ

Q ap−1βQ
b+1
2(p−1)Q
c
4(p−1)(v2pi−4) | a, b, c ≥ 0,

n− 1
p

< i ≤ n− 1, i ≡ 0 mod p

⊗Z/pZ
[
βQ a+1p−1 βQ
b+1
2(p−1)Q
c
4(p−1)(v2pi−4) | a, b, c ≥ 0,

n− 1
p

< i ≤ n− 1, i ≡ 0 mod p
]
where P = H∗(Ω40 S3) if n ≤ p or P = Λ(Q ap−1Q b3(p−1)(un−4) | a, b ≥ 0) if n > p. 
Theorem 2.4. The elements in H∗(Ω40 SU(n)) which are possible targets of the transgression in the path-loop fibration
Ω40 SU(n) −→ PΩ30 SU(n) −→ Ω30 SU(n) are (i) v2pi−4 for ⌊ n−1p ⌋ < i ≤ n − 1 and i ≡ 0 mod p, and (ii) βQ b3(p−1)u2i−3
for b > 0, ⌊ n−1p ⌋ < i ≤ n− 1 and i ≢ 0 mod p. 
Now we turn to Sp(n). We begin with the calculation of H∗(Ω30 Sp(n)), due to Choi [3].
Theorem 2.5. As an algebra, H∗(Ω30 Sp(n)) is isomorphic to
Z/pZ[Q a2(p−1)(Q2(p−1)[1] ∗ [−p]) | a ≥ 0] ⊗ Z/pZ[Q a2(p−1)(u2i−2) | a ≥ 0, 1 < i ≤ 2n− 1, i odd, i ≢ 0 mod p]
⊗Λ

Q ap−1βQ
b
2(p−1)(u2i−2) | a ≥ 0, b > 0,

2n− 1
p

< i ≤ 2n− 1, i odd, i ≢ 0 mod p

⊗Z/pZ
[
βQ ap−1βQ
b
2(p−1)(u2i−2) | a > 0, b > 0,

2n− 1
p

< i ≤ 2n− 1, i odd, i ≢ 0 mod p
]
⊗Λ

Q ap−1Q
b
3(p−1)(v2pi−3) | a ≥ 0, b ≥ 0,

2n− 1
p

< i ≤ 2n− 1, i ≡ 0 mod p

⊗Z/pZ
[
βQ ap−1Q
b
3(p−1)(v2pi−3) | a > 0, b ≥ 0,

2n− 1
p

< i ≤ 2n− 1, i ≡ 0 mod p
]
. 
We wish to produce an analog of Theorem 2.2 for H∗(Ω30 Sp(n)). To do so, observe that Theorems 2.1 and 2.5 are
compatible, in the sense that if f : Sp(n) −→ SU(2n) is the standard inclusion then the map Ω30 Sp(n)
Ω3f−→ Ω30 SU(2n)
induces an inclusion in homology. Observe that those generators ofH∗(Ω30 SU(2n))which are not in the image of (Ω3f )∗ are
the ones obtained by applying Q a2(p−1), Q
a
p−1βQ
b
2(p−1), and βQ
a
p−1βQ
b
2(p−1) to the elements u2i−2 for i even, i ≢ 0 mod p.
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The naturality of the map Sp(n)
f−→ SU(2n) implies that there is a homotopy commutative diagram
Sp(n)
f /
i′

SU(2n)
i

Sp(n+ 1) f / SU(2n+ 2)
(1)
where i′ and i are the canonical inclusions.
Corollary 2.6. The algebra isomorphism in Theorem 2.5 can be chosen so that:
(a) if 2n ≢ 0 mod p and 2n+ 1 ≢ 0 mod p, then (Ω3i′)∗ is an inclusion;
(b) if 2n ≡ 0 mod p and 2n ≢ 0 mod p2, then (Ω3i′)∗ is an inclusion;
(c) if 2n+ 1 ≡ 0 mod p and 2n+ 1 ≢ 0 mod p2, then the kernel of (Ω3i′)∗ is generated as an algebra by elements of the form
Q ap−1βQ
b
2(p−1)(u2((2n+1)/p)−2) and βQ
a+1
p−1 βQ
b+1
2(p−1)(u2((2n+1)/p)−2);
(d) if 2n ≡ 0 mod p2 then the kernel of (Ω3i′)∗ is generated as an algebra by elements of the form Q ap−1Q b+13(p−1)(v2(2n/p)p−3) and
βQ a+1p−1Q
b
3(p−1)(v2(2n/p)p−3);
(e) if2n+1 ≡ 0 mod p2 then the kernel of (Ω3i′)∗ is generated as an algebra by elements of the formQ ap−1Q b+13(p−1)(v2((2n+1)/p)p−3)
and βQ a+1p−1Q
b
3(p−1)(v2((2n+1)/p)p−3).
Proof. For all parts, we will use the fact that the inclusion SU(2n) i−→ SU(2n + 2) is the composite of inclusions
SU(2n)
i1−→ SU(2n+ 1) i2−→ SU(2n+ 2).
For part (a), since 2n ≢ 0 mod p and 2n+1 ≢ 0 mod p, Theorem2.2 implies that both (Ω3i1)∗ and (Ω3i2)∗ are injections.
Since (Ω3f )∗ is an injection, (1) implies that (Ω3i′)∗ is an injection.
For part (b), since 2n is a multiple of p, we have 2n + 1 ≢ 0 mod p. Therefore Theorem 2.2 implies that (Ω3i2)∗
is an injection but (Ω3i1)∗ has a nontrivial kernel generated as an algebra by the elements Q ap−1βQ
b
2(p−1)(u2(2n/p)−2) and
βQ a+1p−1 βQ
b+1
2(p−1)(u2(2n/p)−2). As 2n/p is even, these generators do not lift through (Ω
3f )∗. Hence (1) implies that (Ω3i′)∗ is an
inclusion.
For part (c), since 2n + 1 ≡ 0 mod p we have 2n ≢ 0 mod p. Therefore Theorem 2.2 implies that (Ω3i1)∗ is an
injection but (Ω3i2)∗ has a nontrivial kernel generated as an algebra by the elements Q ap−1βQ
b
2(p−1)(u2((2n+1)/p)−2) and
βQ a+1p−1 βQ
b+1
2(p−1)(u2((2n+1)/p)−2). Note that the division by p in the indices 2((2n+1)/p)−2 implies that each of the generators
in this kernel lift through (Ω3i1)∗. As (2n+1)/p is odd, each of these generators lifts further through (Ω3f )∗. Thus the kernel
of (Ω3i2)∗ lifts through (Ω3i1)∗ ◦ (Ω3f )∗. Hence (1) implies that the kernel of (Ω3i′)∗ equals the kernel of (Ω3i2)∗ and the
conclusion follows.
For part (d), we have 2n ≡ 0 mod p2 and 2n + 1 ≢ 0 mod p. Therefore Theorem 2.2 implies that (Ω3i2)∗ is
an injection but (Ω3i1)∗ has a nontrivial kernel generated as an algebra by the elements Q ap−1Q
b+1
3(p−1)(v2(2n/p)p−3) and
βQ a+1p−1Q
b
3(p−1)(v2(2n/p)p−3). Each of these lifts through (Ω
3f )∗. Hence (1) implies that the kernel of (Ω3i′)∗ equals the kernel
of (Ω3i1)∗ and the conclusion follows.
For part (e), we have 2n + 1 ≡ 0 mod p2 and 2n ≢ 0 mod p. Therefore Theorem 2.2 implies that (Ω3i1)∗ is an
injection but (Ω3i2)∗ has a nontrivial kernel generated as an algebra by the elements Q ap−1Q
b+1
3(p−1)(v2((2n+1)/p)p−3) and
βQ a+1p−1Q
b
3(p−1)(v2((2n+1)/p)p−3). Note that the division by p in each of the indices 2((2n + 1)/p)p − 3 implies that each of
the generators in this kernel lift through (Ω3i1)∗. Each such generator involving a v further lifts through (Ω3f )∗. Thus the
kernel of (Ω3i2)∗ lifts through (Ω3i1)∗ ◦ (Ω3f )∗. Hence (1) implies that the kernel of (Ω3i′)∗ equals the kernel of (Ω3i2)∗
and the conclusion follows. 
Next, we calculate H∗(Ω4Sp(n)) and determine an analog for Sp(n) of Theorem 2.4.
Theorem 2.7. As an algebra, H∗(Ω40 Sp(n)) is isomorphic to
P ⊗Ω4(2i+ 1 | 1 < i ≤ n− 1, i odd, i ≢ 0 mod p)
⊗Z/pZ
[
Q a2(p−1)Q
b
4(p−1)(v2pi−4) | a, b ≥ 0,

2n− 1
p

< i ≤ n− 1, i ≡ 0 mod p
]
⊗Λ

Q ap−1βQ
b+1
2(p−1)Q
c
4(p−1)(v2pi−4) | a, b, c ≥ 0,

2n− 1
p

< i ≤ n− 1, i ≡ 0 mod p

⊗Z/pZ
[
βQ a+1p−1 βQ
b+1
2(p−1)Q
c
4(p−1)(v2pi−4) | a, b, c ≥ 0,

2n− 1
p

< i ≤ n− 1, i ≡ 0 mod p
]
where P is as in Theorem 2.3.
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Proof. The Eilenberg–Moore spectral sequences calculating H∗(Ω40 SU(n)) and H∗(Ω
4
0 Sp(n)) have E
2-terms
CotorH∗(Ω
3
0 SU(n))(Z/pZ,Z/pZ), and CotorH∗(Ω
3
0 Sp(n))(Z/pZ,Z/pZ) respectively. Looping the standard inclusion Sp(n)
f−→
SU(2n) three times induces a map of Eilenberg–Moore spectral sequences, which on the E2-level is a map
φ: CotorH∗(Ω
3
0 Sp(n))(Z/pZ,Z/pZ) −→ CotorH∗(Ω30 SU(2n))(Z/pZ,Z/pZ). (2)
By [12], the map Sp(n)
f−→ SU(2n) has a left homotopy inverse when localized at an odd prime. Thus φ also has a left
inverse. By [4], the EMSS calculating H∗(Ω30 SU(n)) collapses at the E2-term. Therefore the left inverse for φ implies that the
EMSS calculating H∗(Ω40 Sp(n)) also collapses at the E2-term. Thus (2) becomes a split injection
H∗(Ω40 Sp(n)) ∼= CotorH∗(Ω
3
0 Sp(n))(Z/pZ,Z/pZ)
φ−→ CotorH∗(Ω30 SU(2n))(Z/pZ,Z/pZ) ∼= H∗(Ω40 SU(2n)).
The output of the calculation of CotorH∗(Ω
3
0 Sp(n))(Z/pZ,Z/pZ) can therefore be read off from the output of the calculation
of CotorH∗(Ω
3
0 SU(2n))(Z/pZ,Z/pZ) – as stated in Theorem 2.3 – since we know from the paragraph following Theorem 2.5
that (Ω3f )∗ is an injection inducing an algebra isomorphism H∗(Ω30 SU(2n)) ∼= H∗(Ω30 Sp(n))⊗ A, where A is the algebra on
the generators of H∗(Ω30 SU(2n)) obtained by applying Q
a
2(p−1), Q
a
p−1βQ
b
2(p−1), and βQ
a
p−1βQ
b
2(p−1) to the elements u2i−2 for i
even, i ≢ 0 mod p. 
The proof of Theorem 2.7 also lets us read off possible targets for the transgression in H∗(Ω40 Sp(n)) from those of
H∗(Ω40 SU(n)) in Theorem 2.4.
Theorem 2.8. The elements in H∗(Ω40 Sp(n)) which are possible targets of the transgression in the path-loop fibration
Ω40 Sp(n) −→ PΩ30 Sp(n) −→ Ω30 Sp(n) are (i) v2pi−4 for ⌊ 2n−1p ⌋ < i ≤ n − 1 and i ≡ 0 mod p, and (ii) βQ b3(p−1)u2i−3
for b > 0, ⌊ 2n−1p ⌋ < i ≤ n− 1, i odd, and i ≢ 0 mod p. 
3. Some images in homology
We wish to know the images in homology of the boundary maps SU(n)
∂k−→ Ω30 SU(n) and Sp(n)
∂k−→ Ω30 Sp(n). These
will be calculated in Section 4, after doing some preliminary work in this section.
Consider the fibration SU(n)
i−→ SU(n + 1) −→ S2n+1. This is classified by the map S2n+1 sn−→ BSU(n) corresponding
to the generator of π2n(SU(n)) ∼= Z/n!Z. Thus there is a homotopy fibration
ΩS2n+1 Ωsn−→ SU(n) i−→ SU(n+ 1).
Let ι ∈ Hn(Sn) be a generator. Let E4: Sn −→ Ω4Sn+4 be the fourth suspension map, which can be thought of either as the
inclusion of the bottom cell or as the fourth adjoint of the identity map on Sn+4.
Lemma 3.1. Consider the composite
gn: S2n−3
E4−→ Ω4S2n+1 Ω4sn−→ Ω30 SU(n).
The following hold:
(a) if n ≢ 0 mod p then (gn)∗(ι) = 0;
(b) if n ≡ 0 mod p but n ≢ 0 mod p2 then there is a choice of ι such that (gn)∗(ι) = βQ2(p−1)(u2(n/p)−2);
(c) if n ≡ 0 mod p2 then (gn)∗(ι) = 0.
Proof. In all parts we consider the homotopy fibration
Ω4S2n+1 Ω
4sn−→ Ω30 SU(n) Ω
3i−→ Ω30 SU(n+ 1). (3)
Note that as the compositeΩ3i ◦Ω4sn is null homotopic, it induces the zero map in homology.
For part (a), as n ≢ 0 mod p, Theorem 2.2 states that (Ω3i)∗ is an injection. Thus (Ω4sn)∗ = 0, and so (gn)∗ = 0.
For part (b), as n ≡ 0 mod p and n ≢ 0 mod p2, Theorem 2.2 (b) states that (Ω3i)∗ has a nontrivial kernel whose element
of least degree is βQ2(p−1)(u2(n/p)−2), in degree 2n− 3. SinceΩ30 SU(n) is 1-connected, the Serre exact sequence implies that
the fibration in (3) is a cofibration through dimension 2n− 2. Thus, in that dimensional range, the kernel of (Ω3i)∗ equals
the image of (Ω4sn)∗. Therefore βQ2(p−1)(u2(n/p)−2) = (Ω4sn)∗(x) for some x ∈ H2n−3(Ω4S2n+1). Up to multiplication by
a unit, there is only one element in H2n−3(Ω4S2n+1), which is induced by the inclusion E4 of the bottom cell. Thus ι can be
chosen so that (gn)∗(ι) = βQ2(p−1)(u2(n/p)−2).
For part (c), as n ≡ 0 mod p, Theorem 2.2 (c) states that (Ω3i)∗ has a nontrivial kernel whose element of least degree is
βQp−1(v2(n/p)p−3). But this element has degree p(2n− 3)+ p− 2 = (2n− 2)p− 2 > 2n− 3. Thus the kernel of (Ω3i)∗ is
zero in degree 2n − 3. As in the previous paragraph, the kernel of (Ω3i)∗ equals the image of (Ω4sn)∗ in degrees ≤2n − 2,
so the image of (Ω4sn)∗ is zero in degree 2n− 3. Hence (gn)∗(ι) = 0. 
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Lemma 3.2. Consider the composite
hn: S2n−1
E4−→ Ω4S2n+3 Ω4tn−→ Ω30 SU(n).
The following hold:
(a) if n+ 1 ≢ 0 mod p then (hn)∗(ι) = 0;
(b) if n+ 1 ≡ 0 mod p but n ≢ 0 mod p2 then there is a choice of ι such that (hn)∗(ι) = βQ2(p−1)(u2((n+1)/p)−2);
(c) if n+ 1 ≡ 0 mod p2 then (hn)∗(ι) = 0.
Proof. First observe that by [17] the classifyingmapBSU(n) Bi−→ BSU(n+1)has the property that it induces an epimorphism
from π2n+3(BSU(n)) ∼= Z/2Z ⊕ Z/(n + 1)!Z to π2n+3(BSU(n + 1)) ∼= Z/(n + 1)!Z. By definition, the maps tn and
sn+1 represent the generators of the p-components in π2n+3(BSU(n)) and π2n+3(BSU(n + 1)) respectively. Thus there is
a homotopy commutative diagram
BSU(n)
Bi

S2n+3
sn+1 /
tn
9rrrrrrrrrr
BSU(n+ 1).
The definitions of gn+1 and hn therefore imply that there is a homotopy commutative diagram
Ω30 SU(n)
Ω3 i

S2n−1
gn+1 /
hn
9rrrrrrrrrr
Ω30 SU(n+ 1).
(4)
For part (a), as n + 1 ≢ 0 mod p, Lemma 3.1 implies that (gn+1)∗(ι) = 0. We consider two subcases. If n ≢ 0 mod p
then Theorem 2.2 states that (Ω3i)∗ is an inclusion. Thus (4) implies that (hn)∗(ι) = 0. If n ≡ 0 mod p then (Ω3i)∗ is not an
inclusion but its kernel is given explicitly in Theorem 2.2 (b). Note that the kernel is zero in degree 2n − 1. Thus (Ω3i)∗ is
an inclusion in degree 2n− 1 and so again (hn)∗(ι) = 0.
For part (b), as n + 1 ≡ 0 mod p but n + 1 ≢ 0 mod p2, Lemma 3.1 implies that (gn+1)∗(ι) = βQ2(p−1)(u2((n+1)/p)−2).
Also, since n + 1 ≡ 0 mod p we have n ≢ 0 mod p. Thus Theorem 2.2 states that (Ω3i)∗ is an inclusion. The homotopy
commutativity of (4) therefore implies that (hn)∗(ι) = βQ2(p−1)(u2((n+1)/p)−2).
For part (c), as n+ 1 ≡ 0 mod p2, Lemma 3.1 implies that (gn+1)∗(ι) = 0. As n+ 1 ≡ 0 mod pwe have n ≢ 0 mod p, so
Theorem 2.2 states that (Ω3i)∗ is an inclusion. The homotopy commutativity of (4) therefore implies that (hn)∗(ι) = 0. 
Next, consider the fibration Sp(n)
i′−→ Sp(n+1) −→ S4n+3. This is classified by themap S4n+3 s
′
n−→ BSp(n) corresponding
to the generator of π4n+2(Sp(n)). Thus there is a homotopy fibration
ΩS4n+3
Ωs′n−→ Sp(n) i′−→ Sp(n+ 1).
Lemma 3.3. Consider the composite
g ′n: S
4n−1 E4−→ Ω4S4n+3 Ω
4s′n−→ Ω30 Sp(n).
The following hold:
(a) if 2n ≢ 0 mod p and 2n+ 1 ≢ 0 mod p, then (g ′n)∗(ι) = 0;
(b) if 2n ≡ 0 mod p and 2n ≢ 0 mod p2 then (g ′n)∗(ι) = 0;
(c) if 2n+ 1 ≡ 0 mod p and 2n+ 1 ≢ 0 mod p2 then there is a choice of ι such that (g ′n)∗(ι) = βQ2(p−1)(u2((2n+1)/p)−2);
(d) if 2n ≡ 0 mod p2 or 2n+ 1 ≡ 0 mod p2 then (g ′n)∗(ι) = 0.
Proof. Argue as for Lemma 3.1, using Corollary 2.6 in place of Theorem 2.2. 
4. The homology of gauge groups
In this section we calculate H∗(Gk(SU(n))), H∗(Gk(Sp(n))) and H∗(Gk(Spin(n))). We begin with the SU(n) case, and first
consider the image in homology of the boundary map SU(n)
∂k−→ Ω30 SU(n).
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Recall that H∗(SU(n)) ∼= Λ(x3, . . . , x2n−1). As is standard, define φ: S2n−1 × S1 −→ SU(n) by letting φ(u, z) be the
automorphism which leaves v fixed if the inner product ⟨u, v⟩ is 0 and which sends u to uz. The map φ is invariant
under the equivalence relation (u, z) ∼ (ut, t−1zt) for t ∈ S1. Imposing this relation and collapsing S2n−1 to a point,
we obtain a map ι:ΣCPn−1 −→ SU(n). It is well known that H∗(ΣCPn−1) ∼= {x¯3, . . . , x¯2n−1}, and that the generators
of H∗(SU(n)) ∼= Λ(x3, . . . , x2n−1) can be chosen so that ι∗ is the inclusion of the generating set. Consider the composite
ΣCPn−1 ι−→ SU(n) ∂k−→ Ω30 SU(n).
By [16] there is a homotopy commutative diagram
ΣCPn−1
ι /
q

SU(n)
∂k / Ω30 SU(n)
S2n−3 ∨ S2n−1 E
4∨E4 / Ω4S2n+1 ∨Ω4S2n+3 kgn+khn / Ω30 SU(n)
(5)
where q is the pinchmap to the top two cells. This diagram is the key geometric input, which together with Lemmas 3.1 and
3.2, immediately implies the following.
Lemma 4.1. In homology, the compositeΣCPn−1 ι−→ SU(n) ∂k−→ Ω30 SU(n) satisfies the following:
(a) (∂k ◦ ι)∗(x2i−1) = 0 for 2 ≤ i ≤ n− 3;
(b) if one of the four conditions occurs: (i) n ≢ 0 mod p and n + 1 ≢ 0 mod p, (ii) n ≡ 0 mod p2, (iii) n + 1 ≡ 0 mod p2, or
(iv) (k, p) = p; then (∂k ◦ ι)∗(x2n−3) = 0 and (∂k ◦ ι)∗(x2n−1) = 0;
(c) if n ≡ 0 mod p, n ≢ 0 mod p2 and (k, p = 1), then (∂k ◦ ι)∗(x2n−3) = βQ2(p−1)(u2(n/p)−2) and (∂k ◦ ι)∗(x2n−1) = 0;
(d) if n + 1 ≡ 0 mod p, n + 1 ≢ 0 mod p2 and (k, p) = 1, then (∂k ◦ ι)∗(x2n−3) = 0 and (∂k ◦ ι)∗(x2n−1) =
βQ2(p−1)(u2((n+1)/p)−2). 
Now we calculate H∗(Gk(SU(n))).
Proof of Theorem 1.1. First observe that sinceΩ40 SU(n) −→ Gk(SU(n)) −→ SU(n)) is a fibration of loop spaces and loop
maps, the Serre spectral sequence converging to H∗(Gk(SU(n))) converges as an algebra. Thus it suffices to determine the
differentials on the generators of H∗(SU(n)) ∼= Λ(x3, . . . , x2n−1).
By (5), the restriction ΣCPn−3 −→ ΣCPn−1 ι−→ SU(n) ∂k−→ Ω30 SU(n) is null homotopic. Thus the composite
φ:ΣCPn−3 −→ ΣCPn−1 ι−→ SU(n) lifts to Gk(SU(n)). Consequently, as φ∗ induces the inclusion of the generators
x3, . . . , x2n−5 in H∗(SU(n)), all these generators factor through H∗(Gk(SU(n))). So they all survive to E∞ in the Serre
spectral sequence calculatingH∗(Gk(SU(n))). Thus it remains to determine the differentials on the generators x2n−3, x2n−1 ∈
H∗(SU(n)).
Part (a): one of the four conditions occurs: (i) n ≢ 0 mod p and n+ 1 ≢ 0 mod p, (ii) n ≡ 0 mod p2, (iii) n+ 1 ≡ 0 mod p2,
or (iv) (k, p) = p. Consider the diagram of fibrations
Ω40 SU(n) / Gk(SU(n)) /

SU(n)
∂k

Ω40 SU(n) / ∗ / Ω30 SU(n).
(6)
This diagram of fibrations induces a map of Serre spectral sequences. In the fibration along the top row, suppose that
x2n−3 ∈ H∗(SU(n)) transgresses to a nonzero element y ∈ H∗(Ω40 SU(n)). The naturality of the differentials implies
that, in the fibration along the bottom row, (∂k)∗(x2n−3) also transgresses to y. In particular, (∂k)∗(x2n−3) is nonzero. But
this contradicts Lemma 4.1 which states that (∂k)∗(x2n−3) = 0. Thus x2n−3 has trivial transgression. Similarly, x2n−1 has
trivial transgression. Therefore, in the Serre spectral sequence for the fibration Ω40 SU(n) −→ Gk(SU(n)) −→ SU(n),
every generator of H∗(SU(n)) transgresses trivially. Since this spectral sequence converges as an algebra, every differential
on H∗(SU(n)) must be zero and so the spectral sequence collapses at E2. Hence there is an isomorphism of algebras
H∗(Gk(SU(n))) ∼= H∗(SU(n))⊗ H∗(Ω40 SU(n)).
Part (b): n ≡ 0 mod p, n ≢ 0 mod p2 and (k, p) = 1. First, consider again the diagram of fibrations in (6). By
Lemma 4.1, (∂k)∗(x2n−3) = βQ2(p−1)(u2(n/p)−2). By Theorem 2.3, in the path-loop fibration along the bottom row of (6),
βQ2(p−1)(u2(n/p)−2) ∈ H∗(Ω30 SU(n)) transgresses to βQ3(p−1)(u2(n/p)−3) ∈ H∗(Ω40 SU(n)). Since the diagram of fibrations
in (6) induces a map of Serre spectral sequences, the naturality of the differentials implies that for the fibration along the
top row in (6), x2n−3 transgresses to βQ3(p−1)(u2(n/p)−3). Second, since Lemma 4.1 states that (∂k)∗(x2n−1) = 0, arguing
as in part (a) shows that x2n−1 transgresses trivially in the fibration Ω40 SU(n) −→ Gk(SU(n)) −→ SU(n). Therefore, in
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the Serre spectral sequence for the fibration Ω40 SU(n) −→ Gk(SU(n)) −→ SU(n), all differentials are zero on x2i−1 for
i ∈ {1, 2, . . . , n − 2, n} and x2n−3 transgresses to βQ3(p−1)(u2(n/p)−3). Since this spectral sequence converges as an algebra,
the differentials are determined by their images on the generators. Hence H∗(Gk(SU(n))) ∼= Λ(x3, . . . , x2n−5, x2n−1) ⊗
(H∗(Ω40 SU(n))/I), where I is the ideal generated by βQ3(p−1)(u2(n/p)−3).
Part (c): n+ 1 ≡ 0 mod p, n+ 1 ≢ 0 mod p2 and (k, p) = 1. Argue as in part (b) to show that x2n−3 has trivial transgression
since (∂k)∗(x2n−3) = 0, and that x2n−1 transgresses to βQ3(p−1)(u2((n+1)/p)−3) since (∂k)∗(x2n−1) = βQ2(p−1)(u2((n+1)/p)−2).
It then follows as in part (b) that H∗(Gk(SU(n))) ∼= H∗(SU(n − 1)) ⊗ (H∗(Ω40 SU(n))/I ′), where I ′ is the ideal generated by
βQ3(p−1)(u2((n+1)/p)−3). 
We argue similarly for the symplectic case. Recall that H∗(Sp(n)) ∼= Λ(x3, . . . , x4n−1). As in [13, p.22], there is a space
Q n such that H∗(Q n) ∼= {x3, . . . , x4n−1} and a map ι¯:Q n −→ Sp(n) which induces an inclusion onto the generating set of
H∗(Sp(n)). In [16] it was shown that there is a homotopy commutative diagram
Q n
ι¯ /
q

Sp(n)
∂k / Ω30 Sp(n)
S4n−1
E4 / Ω4S4n+3
kg ′n / Ω30 Sp(n)
where q is the pinch map to the top cell. This diagram, together with Lemma 3.3, immediately implies the following.
Lemma 4.2. In homology, the composite Q n ι¯−→ Sp(n) ∂k−→ Ω30 Sp(n) satisfies the following:
(a) (∂k ◦ ι¯)∗(x4i−1) = 0 for 1 ≤ i ≤ n− 2;
(b) if 2n+ 1 ≡ 0 mod p, 2n+ 1 ≢ 0 mod p2 and (k, p) = 1, then (∂k ◦ ι¯)∗(x4n−1) = βQ2(p−1)(u2((2n+1)/p)−2);
(c) otherwise, (∂k ◦ ι¯)∗(x4n−1) = 0. 
Theorem 4.3. The following hold:
(a) if 2n+ 1 ≡ 0 mod p, 2n+ 1 ≢ 0 mod p2 and (k, p) = 1, then there is an algebra isomorphism
H∗(Gk(Sp(n))) ∼= H∗(Sp(n− 1))⊗⊗(H∗(Ω40 Sp(n))/I ′)
where I ′ is the ideal generated by the element βQ3(p−1)(u2((2n+1)/p)−3);
(b) otherwise, there is an algebra isomorphism
H∗(Gk(Sp(n))) ∼= H∗(Sp(n))⊗ H∗(Ω40 Sp(n)).
Proof. Argue as in Theorem 1.1, replacing Theorem 2.4 and Lemma 4.1 with Theorem 2.8 and Lemma 4.2 respectively. 
For the real case, we have the following.
Theorem 4.4. The following hold:
(a) if 2n ≤ (p− 1)(p− 2) then there is an algebra isomorphism
H∗(G(Spin(2n+ 1))) ∼= H∗(Gk(Sp(n)));
(b) if p ≥ 5 or p = 3 and k is a multiple of 3, then there is a coalgebra isomorphism
H∗(Gk(Spin(2n))) ∼= H∗(Gk(Sp(n− 1))⊗ H∗(S2n−1)⊗ H∗(Ω4S2n−1).
Proof. In [16] it was shown that Friedlander’s p-local A∞-equivalence Sp(n) ≃ Spin(2n+ 1) from [11] induces a homotopy
equivalence Gk(Sp(n)) ≃ Gk(Spin(2n+ 1)) as H-spaces. So part (a) follows immediately.
Also, in [16] or [14] it was shown that when p ≥ 5 or p = 3 and k is a multiple of 3, Harris’ p-local equivalence
Spin(2n) ≃ Spin(2n − 1) × S2n−1 induces a homotopy equivalence Gk(Spin(2n)) ≃ Gk(Spin(2n − 1)) × S2n−1 × Ω4S2n−1.
Now part (b) follows. 
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